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E-mail address: jamiek@nmt.edu (J. Kimberley).The phenomenon called unloading failure, in which the initiation and growth of cracks occurs during the
removal of compressive stresses, has been observed in both uniaxial compression testing and Hertzian
indentation testing of brittle materials. We have conducted ﬁnite element simulations of uniaxial com-
pression experiments on single crystal quartz (specimens in which unloading failure was observed) to
determine: (1) the mechanism responsible for unloading failure in brittle materials, (2) the dependence
of this mechanism on friction between the specimen and loading platens, (3) the cause for the selection of
speciﬁc fracture planes on which the unloading cracks propagate. The simulation results indicate that a
slip-stick mechanism which is highly dependent on interface friction is responsible for the generation of
tensile stress states leading to failure during unloading. The results also show that elastic anisotropy of a
single crystal specimen leads to the self-selection of preferential failure planes during unloading.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Many physical situations such as rolling contact and indenta-
tion give rise to stress states that are predominantly compressive
and vary in time. Rolling contact is naturally cyclic, and a portion
of the loading cycle involves the reversal or removal of loads at
the boundary. Indentation also involves the application and subse-
quent removal of compressive loads. The phase of the load cycle
after the peak load (magnitude) has been attained and while the
load is being removed will be referred to as ‘‘compressive unload-
ing’’ for the purposes of this paper. Several researchers Poncelet
(1946), Johnson (1973), Atkinson (1984) and Kimberley et al.
(2010) have documented the development and growth of cracks
that originate at the specimen boundaries and propagate into the
bulk of the specimen during this unloading phase despite the lack
of global tensile stresses applied to the specimen. This ‘‘unloading
failure’’ provides a mechanism for failure and damage growth in
brittle solids that have been loaded below their compressive
strengths, and it is not typically accounted for in simulations of
rocks and ceramics subjected to complex loading paths. However,
the mechanism leads to evolving damage states that may have a
substantial inﬂuence on subsequent behavior. The purpose of this
paper is to explore this ‘‘unloading failure’’ phenomenon and de-
scribe the mechanism that causes cracks to initiate and propagate
into the specimen as the global compressive load is removed.ll rights reserved.1.1. Unloading failure in uniaxial compression
Unloading failure was ﬁrst reported by Poncelet (1946) while he
was visualizing the failure process in glass specimens subjected to
uniaxial compression. He noted that for specimens that were not
loaded to catastrophic failure, many small cracks formed at the
interface between the loading platen and the glass specimen as
the load was removed. As load removal continued, most of the
small cracks were arrested, but two to four ‘‘release’’ cracks contin-
ued to grow, extending into the bulk of the specimen. Poncelet
(1946) proposed the following mechanism for the observed
unloading failure in glass.
1. As the specimen is compressed, an elastic mismatch
between the specimen and loading platen causes the
specimen to expand laterally (slip) relative to the platens
that are providing the compressive load.
2. When the crosshead motion is reversed (and the load is
being removed), the specimen begins to contract relative
to the platens.
3. This relative contraction is resisted by friction, which
leads to the development of a lateral tensile stress in
the specimen at the interface between the specimen and
the platens.
While characterizing single crystal quartz under uniaxial com-
pression for geologic and planetary science applications, Kimberley
et al. (2010) observed the initiation and growth of cracks during the
removal of theapplied load fromthe specimen. Theyperformedboth
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pressive stresses (of magnitude less than the compressive failure
strength of quartz) were applied to single crystal quartz specimens
and subsequently removed. The load–unload stress history and
images captured during a representative test (from Kimberley
et al., 2010) are shown in Fig. 1. Here the times and stress levels cor-
responding to the numbered images are marked in the stress–time
plot with a ﬁlled circle and number to connect the the stress history
to the observations in the specimen. The images were captured
using transmitted light, so that cracks appear as dark regions. During
loading (t < 80 s) the specimen was subjected to a compressive
stress of 0.8 GPa (0.4 of the compressive strength) and no cracking
was observed in the specimen. During unloading (t < 80 s) cracks
ﬁrst appear in Frame 6 (denoted by arrows), and grew stably into
the specimen as the applied loadwas further reduced. After comple-
tion of the test, observation of the interface surface revealed that
there was a preference for crack growth in these single crystal sys-
tems along the negative rhombohedral crystallographic plane over
the positive rhombohedral plane. Kimberley et al. (2010) described
the mechanism responsible for crack growth using the same logic
that was presented by Poncelet (1946), but they were unable to ex-
plain the preferred growth along the negative rhombohedral plane
despite it having a similar fracture toughness to the positive rhom-
bohedral plane (Atkinson, 1984).
Both Poncelet (1946) and Kimberley et al. (2010) observed crack
growth from the specimen/platen boundaries during compressive
unloading. A related phenomenon was observed by Couture and
Schulson (1994) while performing uniaxial compression experi-
ments on coarse-grained polycrystalline ice specimens. In these
experiments, cracks were observed to grow along inclined grain
boundaries in the bulk of the specimen during loading. Additional
crack growth was observed during unloading, but these cracks
grew from the existing crack faces into the neighboring grains.
Couture and Schulson (1994) explained the occurrence of these
unloading cracks as follows.
1. Since there are multiple grains, some grains will be pref-
erentially oriented for damage growth during loading.
2. As damage starts to accumulate the load is redistributed
to the neighboring grains.
3. During unloading there are residual stresses which result
from the inelastic strains that accumulated during loading.
4. These residual stresses can be relieved through creep if
the load is removed slowly, but if the load is removedFig. 1. Load-unload stress history and images from a quasistatic compressioquickly then the stresses are released through crack initi-
ation and growth.
This process is similar to that described by Poncelet (1946) in
that it is based upon non-conservative deformation during loading
which may lead to local tensile stresses during unloading. How-
ever, it also involves a time dependent mechanism (creep) which
results in rate dependence of the unloading failure. Creep is not
an active mechanism in most brittle solids at room temperature.
Another key difference between the unloading failures observed
by Couture and Schulson (1994) and previous observations of
unloading failure under uniaxial compression was the presence of
multiple grains in the specimen. The experiments of Poncelet
(1946) were performed on glass, an amorphous solid which con-
tains no internal boundaries, and the single crystal quartz speci-
mens tested by Kimberley et al. (2010) also contained no internal
grain boundaries. The internal grain boundaries act as nucleation
sites for unloading cracks, explaining why Couture and Schulson
(1994) observed unloading cracks initiating in the interior of the
specimen, while both Poncelet (1946) and Kimberley et al. (2010)
always observed crack initiation at the specimen/platen interface.
1.2. Unloading failure in Hertzian indentation
This unloading failure mechanism proposed by Poncelet (1946)
has also been invoked by Argon et al. (1960) to explain unloading
failures observed during Hertzian indentation experiments in brit-
tle materials. In these experiments steel indenters were pressed
into glass substrates and three failure modes were observed. First
were fractures occurring during loading (i.e., monotonically
increasing load). The second type was failure that occurred while
the applied load was held at a constant value: cracks would sud-
denly ‘‘pop in’’ after a random time interval. These fractures were
attributed to chemical processes which modiﬁed the surface en-
ergy of existing (but not observed) microcracks causing them to
grow and linkup under a constant load. The third failure mode
was failures that occurred as the applied load was being removed.
These were termed unloading failures, and are similar to the type
of failure studied in the present manuscript.
Since the mechanism responsible for unloading failure pro-
posed by Poncelet (1946) is dependent upon friction, Argon et al.
(1960) performed a series of indentation experiments to test the
effect of the coefﬁcient of friction between the indenter and spec-
imen on the mechanism responsible for unloading failure. Two setsn test on single crystal quartz, reproduced from Kimberley et al. (2010).
(a) (b)
Fig. 2. (a) Geometry of the platens and specimen along with boundary conditions
used in the simulations. (b) The displacement applied to the upper platen as a
function of time.
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a 316 inch diameter spherical steel indenter. One set of experiments
was performed using a well oiled ball for the indenter, and the
other was performed using a ball that was cleaned using carbon
tetrachloride. Their results showed that indenter lubrication did
not effect the occurrence of fracture during unloading. Argon
et al. (1960) interpreted this lack of dependence on friction to
mean that the mechanism proposed by Poncelet (1946) was not
necessarily responsible for unloading failures in Hertzian indenta-
tion experiments. They offered another possible mechanism in
which cracks or scratches were formed by the indenter in the con-
tact region during loading. As the load is removed, the contact re-
gion shrinks and the scratches are exposed to the region of tensile
states just outside the contact region.
Johnson (1973) extended the work of Argon et al. (1960) and
examined the effects of friction and elastic mismatch in greater de-
tail. He performed indentation experiments where the elastic prop-
erties of the indenter and the substrate were matched (in this case
the samematerials). By matching the elastic properties he was able
to test the case of no slip at the indenter/substrate interface regard-
less of lubrication. When there was no slip at the interface, no
unloading failure occurred; indicating that relativemotion between
the substrate and indenter is a necessary condition for unloading
failure, supporting the mechanism proposed by Poncelet (1946).
The mechanism for unloading failure during Hertzian indentation
tests on brittle substrates was further investigated through the
numerical simulations of Elaguine (2006). He performed ﬁnite
element simulations which included contact to study the effects of
friction and elasticmismatchbetween the indenter and the specimen.
Elaguine (2006) simulated the cases of a rigid indenter on a glass sub-
strate and a steel indenter on a glass substrate, for coefﬁcients of fric-
tion between 0 and 0.3. He concluded that the nature of the observed
unloading failure is highly dependent on the elastic properties of both
the indenter and the substrate. He also found that there was a ﬁnite
range of coefﬁcients of friction where the unloading failure mecha-
nism is active. This range depended on the elastic properties of the
indenter and the substrate (For the case of a rigid indenter and a glass
substrate, unloading failurewas active for friction coefﬁcients ranging
from0to0.3,while fora steel indenterandaglasssubstrate,unloading
failure was predicted for friction coefﬁcients ranging from 0 to 0.15).
Since the initial observations of unloading failure under uniaxial
compression Poncelet (1946) there has not been analytical or
numerical demonstration of the mechanism responsible for
unloading failure under uniaxial compression. However, there
has been signiﬁcant effort in identifying the mechanism responsi-
ble for unloading failure under Hertzian indentation (as detailed
above). In this paper we utilize ﬁndings from Hertzian indentation
literature to provide further insight to our simulation results de-
spite signiﬁcant differences such as:
 The Hertzian experiment has a spherical indenter while the
compression test has a cuboidal ‘‘indenter’’. As a result of these
geometric differences the uniaxial compression experiment has
slowly varying stress gradients with the exception of the loca-
tion near the specimen edges while the Hertzian has smoothly
varying stress ﬁelds with stress gradients that are related to
the curvature of the indenter.
 The (effective) indenter in the compression experiment is more
compliant than the effective substrate. As a result unloading
failure occurs in the effective indenter within the contact area.
In contrast unloading failure in Hertzian indentation occurs out-
side of the contact area.
Our simulations provide a critical link between these two load-
ing geometries and show that there are similar mechanisms are
responsible for unloading failure.This work also examines the interaction between the elastic
anisotropy and the selection of preferential failure planes. Prior
studies of Hertzian fracture in anisotropic substrates have sug-
gested that there is a link between elastic anisotropy and preferen-
tial fracture planes (e.g. Lawn, 1968). Indentation experiments on
single crystals, such as those by Hartley and Wilshaw (1973), have
illustrated that fracture occurs on speciﬁc planes but it is not clear
if fracture occurred on these planes because they are of lower
toughness or if the elastic anisotropy resulted in stresses that were
preferential on these planes. We believe that this link between
elastic and fracture anisotropy has not been formally established
because the complex stress state generated during indentation into
an anisotropic substrate makes it difﬁcult to determine when the
preferential fracture is due to fracture anisotropy or when it is
due to elastic anisotropy. This manuscript focuses on uniaxial com-
pression providing a less complicated stress state, and allows our
analysis to clearly show that the elastic anisotropy plays a major
role in determining which fracture systems will be activated.
This paper is organized as follows. First the modeling approach
and simulation setup are discussed. The mechanism for unloading
failure is then investigated in detail for a speciﬁc value of friction
coefﬁcient. With the mechanism for unloading failure understood
for a speciﬁc coefﬁcient of friction, the range of operation for this
mechanism is probed by means of a parametric study varying
the coefﬁcient of friction. Finally, the observed preference for crack
growth along the negative rhombohedron over the positive rhom-
bohedron in single crystal quartz is discussed.
2. Simulation setup
Simulations were performed using the software package
ABAQUS to investigate the stress distributions within a repre-
sentative quartz specimen during a quasi-static compression test.
A three-dimensional ﬁnite element model was designed to
reproduce the sample geometry and loading conditions reported
in Kimberley et al. (2010). The model consists of two disk-shaped
steel loading platens 12.6 mm in diameter by 5 mm thick with a
5 mm cubic specimen of quartz placed between them as shown
schematically in Fig. 2(a). The model was constrained and loaded
using displacement boundary conditions. On the bottom surface
of the lower platen displacements were constrained to zero in all
translational degrees of freedom. On the top surface of the upper
platen, zero displacement was speciﬁed in the plane of the surface
(X–Y plane), while a displacement history was speciﬁed in the
Z-direction. The displacement applied to the upper platen was a
triangular wave with a peak compressive displacement of
0.125 mm occurring at time t = 1.0 s, and a total test duration of
2.0 s, as illustrated in Fig. 2(b). An implicit time stepping scheme
was used in which time served only to parameterize the load; no
dynamic effects were modeled.
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with respect to the global coordinates ðX;Y; ZÞ and standard crys-
tallographic directions ðx; y; zÞ. Fig. 3(b) is a top view of the upper
specimen surface St . Note that the coordinates presented here rep-
resent a correction to those presented in Kimberley et al. (2010).
The coordinates here differ from those in Kimberley et al. (2010)
by a rotation of 180 about the z-axis, which resulted from ambigu-
ity in the X-ray diffraction technique used to orient the specimen.
The single crystal is oriented so that it is compressed along the
crystallographic x-axis ½1120 with the crystallographic z-axis
½0001 rotated 37.5 from the upper cube edge. Fig. 3 also denotes
the orientation and Miller indices of the positive and negative
rhombohedral planes on which failure was observed in the exper-
iments of Kimberley et al. (2010), noting here that under the(a)
(b)
Fig. 3. (a) Isometric view of the specimen, (b) Top view of the upper specimen
surface St with respect to the global coordinate system ðX;Y ; ZÞ and the IEEE
crystallographic axes ðx; y; zÞ. The orientation of the positive and negative rhom-
bohedral families of planes within the specimen are also shown.updated coordinate system, preferred failure was observed on
the negative rhombohedron.
The interfaces between the loading platens and the quartz spec-
imen were modeled using the surface-to-surface contact formula-
tion in ABAQUS. In the direction normal to the surface hard contact
was enforced (i.e., the contact force is not increased smoothly as
the surfaces approach). Contact constraints were enforced using a
linear penalty formulation where the penalty stiffness was 10
times the underlying element stiffness. Friction was modeled using
a single coefﬁcient of friction (i.e., the static and dynamic coefﬁ-
cients of friction were equal), and an elastic slip distance was cho-
sen to be 0.05% of the element size in the neighborhood. The elastic
slip distance improves the rate of convergence by allowing nodes
on the interface to slip a small amount relative to each other with-
out recomputing the contact conditions. The coefﬁcient of friction
was ﬁxed at l = 0.1 for the mesh reﬁnement process and illustra-
tion of the mechanism of unloading failure. This value of l was
chosen because it lies in the middle of the range for coefﬁcients
of friction for boundary lubrication conditions that are expected
to be present under most experimental situations (Johnson,
1973). To investigate the effect of interface friction on unloading
failure, a parametric study (Section 4) for the range of coefﬁcients
of friction 0:001 6 l 6 0:2 was performed using the mesh deter-
mined below.
The steel platens were modeled as isotropic and linear elastic
with Young’s modulus of 210 GPa and Poisson’s ratio of 0.28. The
quartz specimen was modeled using an anisotropic linear elastic
constitutive model with trigonal (class 32) symmetry. The values
for the stiffness matrix ½C given by Bechmann (1958) are pre-
sented in Voigt notation below (for the x; y; z basis):
C ¼
86:74 6:99 11:91 17:91 0 0
6:99 86:74 11:91 17:91 0 0
11:91 11:91 107:2 0 0 0
17:91 17:91 0 57:94 0 0
0 0 0 0 57:94 17:91
0 0 0 0 17:91 39:88
2
666666664
3
777777775
GPa:
ð1Þ
All parts of the model were meshed with modiﬁed 10-node tet-
rahedral elements (C3D10M), which have a mid-face node on con-
tact surfaces to improve the accuracy in contact problems. More
details on the element formulation can be found in the ABAQUS
user manual (Simula, 2008). A nonuniform mesh was used in the
specimen and platens, shown in Fig. 4 to optimize computational
efﬁciency. This mesh was obtained by utilizing the adaptive reme-
shing tool provided by ABAQUS, which is based on the process
developed by Zienkiewicz and Zhu (1987), and contained 61,729
elements and 97,362 nodes. The minimum element edge length
was 82.9 nm. The presence of sharp edges and corners in the model
would require an extremely ﬁne mesh to capture the large stresses
and stress gradients near these features. Since the unloading fail-
ure that we are investigating does not initiate at the edge of the
specimen, our analysis does not attempt to fully resolve the high
stresses at the edges of the specimen.3. Simulations with ﬁxed coefﬁcient of friction, l = 0.1
3.1. Slip at the interfaces
The response of the quartz specimen to the loading and unload-
ing sequence in our simulations follows the general slip-stick
mechanism of unloading failure that was discussed by Kimberley
et al. (2010) and Poncelet (1946). The relative slip between the
upper specimen surface and neighboring platen is monitored dur-
Fig. 4. Exploded isometric view of the platens and specimen showing the mesh
used in the simulations.
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Fig. 5. (a) Relative slip displacement magnitude and (b) slip rate between the upper
platen and upper specimen surface measured along path 1 plotted as a function of
time for l ¼ 0:1. Positive values indicate that the specimen is expanding with
respect to the platen.
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development of stick/slip regions. Fig. 5(a) shows the slip displace-
ment magnitude u between the upper platen and upper specimen
surface (St) measured along path 1 (Fig. 3) plotted as a function of
time. Positive values of slip displacement magnitude correspond to
the specimen expanding relative to the neighboring platen. As time
increases from t ¼ 0:0 to t ¼ 1:0 the specimen expands and slips
relative to the platen. The magnitude of the slip is the greatest at
the specimen edges resulting in a trough shape with a central re-
gion of limited slip. The evolution of the slip magnitude can be fur-
ther understood by examining the slip rate as a function of position
and time as shown in Fig. 5(b) (note these axes have been ﬂipped
to improve surface visibility). Here, slip rate is deﬁned as the dis-
crete approximation of the derivative of slip magnitude with re-
spect to time (dudt jt ¼ ðut  ut1Þ=Dt). The ﬁgure indicates that
initially the entire interface is slipping, but as time increases a cen-
tral region of near zero slip magnitude develops, corresponding to
a region of ‘stick’. We also note that the regions that are slipping
have a nearly constant slip rate (as a function of time) during load-
ing, indicating that the slip response is stable and driven by the ap-
plied displacement loading.
Fig. 5(a) shows that peak values of slip magnitude along the
path are attained at t = 1.0 s. As time increases above t = 1.0 s(and the applied displacement is removed) there is initially little
change in the interface slip magnitude. This lack of change in slip
displacement is also observed in the slip rate plot Fig. 5(b), where
after an initial jump to a nearly zero slip rate at t = 1.1 s the slip
rate remains nearly zero along the majority of the path until
t = 1.6 s. Slip begins at the edges of the specimen ﬁrst and gradually
moves inward. Thus the bulk of the interface is sticking to the plat-
ens from t = 1.0  1.6 s. After t = 1.6 s the specimen contraction is
able to overcome the frictional constraint, resulting in a negative
slip rate that reduces the interface slip displacement back to zero.3.2. Stress evolution on the negative rhombohedron planes
The preceding section has shown that as the specimen is loaded
it expands laterally. This expansion is resisted by frictional trac-
tions which cause compressive stresses ðryy;rzzÞ to develop in
the plane of the interface. As the load is removed from the speci-
men, the specimen attempts to contract, and (lateral) tensile stres-
ses develop due to frictional constraint while the specimen is still
under global (axial) compression. The experimental results of Kim-
berley et al. (2010) indicate that cracks grew along the negative
rhombohedron planes during the unloading phase. As a diagnostic
measure therefore, we choose to examine the normal stresses act-
ing on those planes during the load-unload cycle. We deﬁne the
values of the normal stress acting on the negative rhombohedron
(a) (b) (c)
Fig. 6. Values of rNR along Path 1 in Fig. 3 for a coefﬁcient of friction of l ¼ 0:1. (a) Shows the stress evolution during the loading phase ð0 6 t 6 1:0Þ, (b) during the early
unloading phase ð1:0 6 t 6 1:6Þ, and (c) the late unloading phase ð1:6 6 t 6 2:0Þ.
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the vector normal to the negative rhombohedron plane, as shown
in Fig. 3. The previous section has also shown that the load-unload
history can be broken down into three distinct phases: loading,
early unloading (stick), and late unloading (slip). In the next three
subsections the evolution of rNR is examined during the three
phases of the load-unload history.Fig. 7. Interfacial shear stress s on the upper surface of the specimen normalized by
the quantity of pressure P multiplied with the coefﬁcient of friction l at the end of
the loading phase (t = 1.0 s). Areas with values greater than or equal to 0.999 are
slipping relative platen and are colored gray. Regions that have not overcome the
frictional barrier (sticking) are colored red. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)3.2.1. The loading phase
In Fig. 6(a) we plot values of the stress rNR acting on the nega-
tive rhombohedral plane sampled along a line crossing the center
of the upper surface of the specimen (see path 1 in Fig. 3) for sev-
eral times during the loading phase of the test (from time t = 0.0 s
to t = 1.0 s). Here each curve represents the proﬁle at subsequent
time increments of 0.1 s, with time increasing in the direction of
the black arrow. As time increases the proﬁles become more neg-
ative (compressive) and develop a central plateau. This central pla-
teau corresponds to a region that is not slipping with respect to the
platen, and is ﬂanked by regions of lower compressive stress corre-
sponding to regions that are slipping relative to the platen. The
edges of the plateau represent the boundary where the lateral
expansion of the specimen is balanced by a frictional stress barrier
equal to the normal component of the contact stress multiplied
with the coefﬁcient of friction Pl. It is also important to note that
rNR is less than zero (compressive) for all time steps during the
loading phase. Thus, we do not expect fracture to occur along these
planes during loading.
The regions of the upper specimen surface that have slipped rela-
tive to the platen during loading can also be examined across the en-
tire surface (rather than along a single path as in Fig. 6). To visualize
these regions, we calculate the magnitude of shear stress
s ¼ j~ns  ðr ~nsÞj on the interface at peak displacement (t = 1.0 s),
where~ns is the normal to the surface. These values are then normal-
ized by Plwhere P is the contact stress, and plotted in Fig. 7. Regions
with js=Plj < 1 are not slipping, while regions with js=Plj ¼ 1 are
currently slipping. Due to numerical precision we set the threshold
for the stick/slip transition to be 0.999 for plotting purposes. The cen-
tral region (red) corresponds to a region forwhich js=Plj < 0:999 and
is not slipping relative to the adjacent platen. To the left and the right
of this region are two areas (light gray) where 0:999 6 js=Plj 6 1,
corresponding to regions that are slipping.3.2.2. The early unloading, stick phase
Once the maximum applied displacement is attained at t = 1.0 s
the displacement is gradually removed, reducing the load applied
to the specimen. As the load is reduced the specimen attempts to
contract laterally, but this motion is resisted by interface friction.This results in no interfacial slip until the driving force from con-
traction can overcome the frictional constraint. We deﬁne the time
period between the time of peak load and incipient slip as the
‘‘early unloading, stick phase’’. For the current simulation this time
period is the interval 1:0 6 t 6 1:6 s.
The values of rNR along path 1 (Fig. 3) are plotted for several
times during the early unloading phase in Fig. 6(b). Here we note
that as time increases (denoted by the black arrow) the stress state
becomes less compressive and even becomes tensile for large por-
tions along the path. In contrast to the process that occurs during
loading, where the stress proﬁle seems to intensify with increasing
load, Fig. 6(a) and (b) show proﬁles with shapes that remain mostly
constant, but translate to a more tensile state as time progresses
and the global compressive load is reduced. This shifting of the
proﬁle is a result of the lack of relative sliding between the speci-
men and platen during this phase of unloading, as was shown in
Section 3.1. This lack of relative motion generates tensile stresses
in the specimen as it attempts to contract. These local tensile stres-
ses (rNR) are of the order of the tensile strength of quartz
(140 MPa) and may be sufﬁcient to initiate and propagate cracks
into the specimen despite the fact that the specimen is still under
an axial compressive state of stress. Note that our model does not
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examine the state of stress and determine a likelihood of failure (as
discussed in Section 4), this focuses more on the global physics
responsible for the observed behavior.
The initiation of a crack of speciﬁc size and location is another
problem of interest. Paliwal et al. (2011) showed that for the case
of Hertzian indentation, cracks were more likely to initiate in a
zone adjacent to the location of maximum surface stress. Using
an axisymmetric ﬁnite element model with very high mesh density
at the crack tip they determined that the cracks located adjacent to
the location of maximum surface stress experienced a greater crack
tip stress intensity factor as a result of variations in stress with
depth. Additionally, the variation of stress as a function of depth
may also affect the growth of cracks. While stresses that are very
local to the surface may be sufﬁcient to initiate a crack, the driving
force may diminish as the crack extends away from the surface.
Further investigation of the above issues may provide insight as
to why Kimberley et al. (2010) observed cracks growing from the
central regions of the specimen/platen interface. Simulations could
certainly be conducted to address these issues, but are outside of
the scope of this work and also require much more sophisticated
simulation capabilities such as singular crack tip elements and
cohesive elements.3.2.3. The late unloading, slip phase
Fig. 6(c) shows values of rNR sampled along path 1 as shown in
Fig. 3, but for the ﬁnal stage of the unloading cycle (t = 1.6 s to
t = 2.0 s), which we call the ‘‘late unloading, slip phase’’. During this
third stage, regions of interface slip develop at the edges of the
specimen and grow inward to the center, as indicated by Fig. 5.
This results in a change in the shape of the proﬁles plotted in
Fig. 6(c) as time progresses. The maxima in the proﬁles are moving
from the edges of the specimen toward the center of the specimen.
These maxima represent the boundary between the portion of the
interface that has been relieved by slip and the portion that has not
been relieved by slip. It is important to note that since crack
growth is not modeled, our simulations do not fully represent
the system response if a crack had begun to grow in the specimen
during unloading. However the simulations provide insight to the
deformation processes up until initiation of a crack at the interface.
Our simulations thus explain (a) why cracks form during compres-
sive unloading and (b) why the cracks form along a negative rhom-
bohedral plane. In the next section we will discuss the range of
operability for this mechanism and the difference between the
negative rhombohedral plane and the positive rhombohedral
plane.4. The effect of friction coefﬁcient
The results presented in Sections 3.2.1–3.2.3 indicate that the
load–unload cycle can result in tensile stresses acting on the neg-
ative rhombohedron which are on the order of the tensile strength
of quartz. Furthermore, the mechanism of slip during the loading
phase followed by stick during the initial unloading phase that
was proposed by Poncelet (1946) and Kimberley et al. (2010) has
been shown to be the cause of the large tensile stresses generated
(and likely crack growth) during the early unloading phase. Since
this stick–slip mechanism is related to frictional effects, a paramet-
ric study has been performed to determine the dependence of the
unloading failure mechanism on friction. For this study, a range of
coefﬁcients of friction 0:001 6 l 6 0:2 was used, representing the
case of virtually no friction up to one of the larger values that
can be expected for lubricated contact between two hard
materials.For brittle materials it is common practice to deﬁne the material
strength in terms of a Weibull failure theory. The basic idea behind
the Weibull theory (sometimes referred to as a weakest link the-
ory) is that two specimens have the same probability of failure if
the quantities
Aref
Ae
¼ rapp
rref
 m
ð2Þ
are equal. Here Aref and rref are the reference area and strength
while Ae and rapp are the effective area in the application and the
applied stress. The exponent m is the Weibull modulus, typically
in the range of 6–12, which is determined by ﬁtting the distribution
of experimentally measured material strengths. This analysis has
been applied to the case of Hertzian indentation testing by Jadaan
et al. (2011). They deﬁned the effective Weibull area as
Ae ¼
R r
rc
 m
dA, where r was the radial component of the stress
and rc was the maximum value of the radial stress component. In
order to perform a similar analysis for the case of uniaxial compres-
sion in quartz we would deﬁne the Weibull area on the negative
rhombohedron using
ANR ¼
Z rNR
rc
 m
dA: ð3Þ
Here rc is the threshold stress to activate a ﬂaw on the plane
(140 MPa) and rNR was deﬁned earlier. This quantity could be used
as a metric to compare the probability that a sample will fail either
during loading or unloading on a particular plane in our simula-
tions. However, this Weibull analysis has several assumptions and
limitations that we feel make it inappropriate for our analysis.
The experimental specimens were prepared by cutting the
quartz using a diamond saw then the specimens were polished.
This polishing should remove most of the surface ﬂaws that were
introduced as a result of the cutting process but will introduce a
new set of surface ﬂaws which depend on the size of the abrasive.
This introduces a length scale which invalidates the power law
relationship between ﬂaw size (or tensile failure strength) and
the ﬂaw density per unit area (probability that a ﬂaw of a given
size exists in the sample area). Additionally, the Weibull analysis
gives a large weight to stresses that exceed the threshold stress
by a large amount so small regions of high stress can dominate
the calculation. This is a problem for our loading geometry because
the edges of the specimen generate very high stresses, but the
experimentally observed unloading failure originates from the
interior of the contact area rather than at the edges. To address
these two issues we utilize the area fraction of the specimen sur-
face that exceeds a threshold stress as a metric to indicate failure.
This is similar to computing aWeibull area except we are assuming
a delta distribution of ﬂaw sizes so all regions that exceed the crit-
ical stress count equally. For unloading failure to occur a critical
ﬂaw must be present in that area so there is still an element of
randomness.
On the negative rhombohedral planes we deﬁne the area frac-
tion using,
/NRðtÞ ¼
1
At
Z
St
HðrNRðtÞ  rcÞdA: ð4Þ
Here, H is the Heavyside step function, At is the area of the upper
specimen surface ðStÞ, and rc is the threshold stress (set to
140 MPa, the tensile strength of quartz). We then evaluate the max-
imum area fractions that occur during loading,
/maxloadNR ¼ maxð/NRðtÞ;0 6 t 6 1:0Þ ð5Þ
and unloading,
/maxunloadNR ¼ maxð/NRðtÞ;1:0 6 t 6 2:0Þ: ð6Þ
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tive rhombohedral plane during the loading and unloading phases
of each simulation. Similar metrics for failure along the positive
rhombohedron are developed below based on the stress acting on
the positive rhombohedral planes, rPR ¼~nPR  ðr ~nPRÞ:
/PRðtÞ ¼
1
At
Z
St
HðrPRðtÞ  rcÞdA ð7Þ/maxloadPR ¼ maxð/PRðtÞ;0 6 t 6 1:0Þ; ð8Þ/maxunloadPR ¼ maxð/PRðtÞ;1:0 6 t 6 2:0Þ: ð9Þ
The results of the parametric study are presented in Fig. 8 by
plotting the maximum area fractions /maxloadNR ;
/maxunloadNR ; /
maxload
PR ; /
maxunload
PR as a function of friction coefﬁcient.
The solid red lines correspond to the fraction of area where rNR ex-
ceeded 140 MPa, while the dashed blue curves correspond to the
fraction of area where rPR exceeded 140 MPa. For clarity, we dis-
cuss the stresses acting on the different planes in separate
subsections.4.1. Failure likelihood along the negative rhombohedron
During the loading phase (Fig. 8, solid red curve with triangle
markers) there is a limited range of coefﬁcients of friction
(0:001 6 l < 0:04) where /maxloadNR > 0 (i.e. some area of the sur-
face has rNR > 140 MPa). The areas that exceed this threshold are
conﬁned to a local area along the edge of the interface. Since the
mesh is not sufﬁciently resolved to capture the stress concentra-
tion at the edges and these stresses only occur for the lowest
values of l, a detailed investigation into the source of these stres-
ses was not performed. As the coefﬁcient of friction is increased
above 0.04 we see that /maxloadNR ! 0, indicating rNR does not
exceed 140 MPa at any point on upper surface of the specimen,
and that failure is not likely to occur on the negative rhombohed-
ron during the loading phase.
The solid red curve with circle markers shown in Fig. 8 repre-
sents /maxunloadNR as a function of coefﬁcient of friction. This curve
can be broken down into three distinct regions. The ﬁrst is theFig. 8. Fraction of the upper specimen surface area where rNR P 140 MPa (solid red
lines) or rPR P 140 MPa (dashed blue lines) during loading (triangle symbols) and
unloading (circle symbols) for different values of the coefﬁcient of friction l. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)region at very low coefﬁcients of friction (less than 0.01). In this re-
gime the curve for /maxunloadNR overlaps with the curve for /
maxload
NR .
The second region occurs for 0:01 6 l 6 0:06, in which
/maxunloadNR is increasing with coefﬁcient of friction. This occurs
because as the coefﬁcient of friction is increased, a larger shear
traction can be exerted for the same contact pressure just prior
to slip as the specimen contracts. The larger shear traction trans-
lates into larger tensile stress acting normal to the negative
rhombohedron.
In the third region, /maxunloadNR is decreasing with increasing coef-
ﬁcient of friction, approaching zero for large values of l. As the
coefﬁcient of friction increases, slip between the platen and the
specimen during loading is suppressed. This, in turn, limits the area
that can be loaded in tension during the unloading phase.
To better understand the change in mechanism that occurs
when the coefﬁcient of friction is increased beyond 0.06 it is ben-
eﬁcial to look at the evolution of the rNR stress proﬁle for coefﬁ-
cients of friction below and above the transition value. Fig. 9
shows values of rNR along path 1 in Fig. 3 for a low friction simu-
lation (l ¼ 0:02). Comparing the stress proﬁles during the loading
phase for l ¼ 0:02 (Fig. 9a) with the case of l ¼ 0:1 (Fig. 6a) it is
evident that tensile stresses develop much earlier in the very low
friction case than in the moderate friction case. In fact, tensile
stresses develop during the loading phase for l ¼ 0:02, while
Fig. 6(a) shows that no tensile stresses develop during loading
for l ¼ 0:1. The tensile stresses developed in the low friction case
result from the specimen punching into the deformable platen.
This results in the upper surface of the specimen deforming to a
convex shape (the platen surface becomes concave). The induced
deformation leads to a state of local tension in the specimen near
the interface. Simulations conducted using rigid platens showed
that the tensile stresses induced during loading vanished, conﬁrm-
ing that the punching effect was responsible for the tensile states
attained during loading and pointing out the inﬂuence on platen
rigidity. We note that the punching deformation and associated
stress state are present regardless of the friction coefﬁcient, but
the superposition of compressive stresses due to frictional con-
straint resulted in the compressive values of rNR for higher coefﬁ-
cients of friction. This reinforces the current understanding that
ideal testing conditions consist of very rigid platens and low coef-
ﬁcient of friction.
There are also signiﬁcant differences in the interface slip behav-
ior when comparing the low (l ¼ 0:02) and moderate (l ¼ 0:1)
friction cases. Fig. 10 shows the slip displacement magnitude (a),
and slip rate (b) for the case of l ¼ 0:02. During loading
(0:0 6 t 6 1:0 s) at low friction, nearly the entire interface between
the specimen and platen is sliding as can be seen by the non-zero
slip displacement in (a) and the non-zero (and nearly constant slip
rate shown in (b). This is in contrast to the case of l ¼ 0:1 where a
central ‘‘stick’’ region developed during loading. This shows only
that when the coefﬁcient of friction is not high enough to fully
resist the specimen expansion, greater slip magnitude results.
During the early unloading phase Fig. 10(a) shows that there are
only small changes in slip magnitude over the central portion of
the path, and Fig. 10(b) shows that the slip rate during these times
is signiﬁcantly lower than other time steps, indicating that the
specimen contraction is being resisted. This also corresponds to
the increase in rNR during these times as seen in Fig. 9(a). As
unloading continues into the late unloading phase, the slip rate
becomes more negative, eventually developing into a constant slip
rate at a given position along the interface. The interface continues
to slip back towards its initial conﬁguration reducing the stress
acting on the negative rhombohedron plane.
We also examined a case for which the coefﬁcient of friction
was grater than 0.1. Fig. 11 shows values of rNR along path 1 in
Fig. 3 for a simulation with for a coefﬁcient of friction l ¼ 0:14.
(a) (b) (c)
Fig. 9. Normal stress acting on the negative rhombohedral plane rNR traversing Path 1 in Fig. 3 for a coefﬁcient of friction l ¼ 0:02. (a) Shows the stress evolution during the
loading phase ð0 6 t 6 1:0Þ, (b) during the early unloading phase ð1:0 6 t 6 1:2Þ, and (c) the late unloading phase ð1:2 6 t 6 2:0Þ.
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Fig. 10. Relative slip displacement magnitude and (b) slip rate between the upper
platen and upper specimen surface measured along path 1 plotted as a function of
time for l ¼ 0:02.
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width of the central compressive plateau is larger. This plateau de-
notes the region of the interface that has not slipped, thus this in-
creased extent of the plateau reﬂects the greater difﬁculty of slip
during loading at higher values of l. During unloading (Fig. 11
(b) and (c)), the tensile regions reach higher peak stresses, butsince the amount of the interface that has slipped is smaller the to-
tal area that is loaded in tension is also smaller. This results in a
lower value of /maxunloadNR , corresponding to a lower likelihood of
failure along the negative rhombohedron as l is increased above
0.06.4.2. Failure likelihood along the positive rhombohedron
Since the experiments of Kimberley et al. (2010) indicated occa-
sional failure along the positive rhombohedral plane (though at a
reduced likelihood compared with the negative rhombohedron),
we also examined the development of tensile stresses acting on
the positive rhombohedral plane. Fig. 8 shows /maxloadPR (dashed
blue line with triangle markers) and /maxunloadPR (dashed blue line
with circle markers) as a function of l. The ﬁgure shows that the
curves for /maxloadPR and /
maxunload
PR overlap. This is the result of the
maximum area fraction occurring at peak applied displacement
(t = 1.0 s), which is common to the loading and unloading curves
by deﬁnition. Since the loading and unloading curves of the posi-
tive rhombohedron overlap and AmaxPR scales with the coefﬁcient of
friction, this indicates that the areas which experience tensile val-
ues of rPR undergo a conservative deformation (i.e., no slip).5. Discussion
5.1. Preferential fracture planes
Compressive unloading failure requires two conditions. First,
the cracks must not activate during loading. Second, during load
removal tensile stresses must develop that are sufﬁcient to cause
crack activation. We can understand the preference for compres-
sive unloading failure in the negative rhombohedral plane over
the positive rhombohedral plane by comparing the responses pre-
dicted on the two planes as presented in Fig. 8. For all of the coef-
ﬁcients of friction that we looked at /maxloadPR ¼ /maxunloadPR . This
relationship on the positive rhombohedral plane violates the ﬁrst
condition required for compressive unloading failure. When
/maxloadPR ¼ /maxunloadPR cracks are more likely to initiate during load-
ing than unloading, since the loading occurs ﬁrst. The negative
rhombohedron satisﬁes the condition /maxunloadNR > /
maxload
NR for
most coefﬁcients of friction that we looked at. With this condition
the tensile stresses during unloading cover a greater extent than
any tensile stresses which occur during loading, therefor unloading
failure is possible. Additionally during unloading
/maxunloadNR P /
maxunload
PR indicating that failure along the negative
rhombohedron during unloading is more likely than along the po-
sitive rhombohedron.
(a) (b) (c)
Fig. 11. Normal stress acting on the negative rhombohedral plane rNR traversing Path 1 in Fig. 3 for a coefﬁcient of friction l ¼ 0:14. (a) Shows the stress evolution during the
loading phase ð0 6 t 6 1:0Þ, (b) during the early unloading phase ð1:0 6 t 6 1:6Þ, and (c) the late unloading phase ð1:6 6 t 6 2:0Þ.
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planes during loading, as well as the preference for failure on the
negative rhombohedral planes during unloading, are largely a re-
sult of elastic anisotropy in the specimen. Further insight is gained
by examining two idealized loading cases via linear elasticity the-
ory. As noted in the previous section, the areas where the positive
rhombohedron experiences tensile stresses correspond to areas of
the specimen surface that have not slipped with respect to the
platens. We approximate this condition as a state of uniaxial strain
in the specimen and calculate the resulting stress response. The
stiffness matrix ½C can be used to relate the stress frg and strain
fg vectors using Voigt notation.
For the problem at hand the strain is applied along the ½1 120
or x-direction which corresponds to xx in the ðx; y; zÞ coordinate
system. We set xx ¼ 0:025 to approximate the compressive
strain observed in the experiments (Kimberley et al., 2010) and
set all other strain components equal to zero. Using the stiffness
values given by Eq. (1), anisotropic elasticity can be used to calcu-
late the stresses in the specimen for the given state of strain:
frg ¼
2168:5
174:8
297:8
447:8
0
0
8>>>>><
>>>>:
9>>>>>=
>>>>;
MPa ð10Þ
These stress components can be used to calculate the normal
stress acting on the negative rhombohedron,
rNR ¼ ~nNR  ðr ~nNRÞ ¼ 649 MPa, and the normal stress acting on
the positive rhombohedron rPR ¼~nPR  ðr ~nPRÞ ¼ 213 MPa. Thus
we note that during loading the lateral constraint results in com-
pressive stress developing on the negative rhombohedron. Despite
a global applied compressive strain, a tensile state of stress devel-
ops on the positive rhombohedron under uniaxial strain. Compar-
ing with our simulations we see that as the coefﬁcient of friction
increases, the loading becomes closer to uniaxial strain over a lar-
ger fraction of the interface, increasing the area of the interface
that is subjected to tensile stress normal to the positive rhombo-
hedron as can be seen in Fig. 8.
Although the analysis above predicts that rPR would exceed the
threshold stress for failure, we note that the assumption of a uni-
axial strain deformation over estimates the magnitude of rPR
developed during loading. Deformable platens would relax the
constraint on the lateral strains even in the case of no slip between
the platen and interface. Furthermore, since the tensile stress on
the positive rhombohedron is a result of the conﬁnement at the
interface, any slip during loading would reduce the tensile stress.Thus the simpliﬁed analysis presented above represents the most
severe tensile stress state that the positive rhombohedron could
experience during loading.
The above analysis also indicates why the cracks on the positive
rhombohedron in the experiments of Kimberley et al. (2010) were
observed to propagate only small distances into the specimen. The
tensile stress developed on the positive rhombohedron is a direct
result of the lateral conﬁnement, and the effects of that conﬁne-
ment are localized to the specimen/platen interface. As the cracks
travel away from the interface and into the specimen the tensile
stress driving the crack growth decays, resulting in the arrest of
these cracks before they travel deep into the specimen.
The idealized case of uniaxial stress can also provide some in-
sight as to why failure is observed on the negative rhombohedron
during unloading. First consider the loading condition in which r11
is the only non-zero component of stress. This loading case allows
for unconﬁned lateral expansion of the specimen and the most
likely direction of slip can be calculated. Since failure during
unloading is a result of slip that occurs during the loading phase,
this idealized case provides insight to the development of tensile
stresses during the unloading phase. For the above loading state
the resulting strain state is calculated by fg ¼ ½C1frg. The com-
ponents of strain can be used to calculate the principal strains and
corresponding principal directions. Only one principal strain is ten-
sile, and the corresponding principal direction is
~1 ¼ 0~ex  0:75~ey  0:661~ez, corresponding to an expansion which
is nearly in the same direction as~nNR. Thus during loading the sam-
ple is expected to expand predominantly in the direction normal to
the negative rhombohedral planes. During unloading the sample
would undergo an opposite contraction, which (depending on fric-
tion) may load the negative rhombohedron planes in tension that
is enough to cause crack growth. This demonstrates that the quartz
crystal elastic anisotropy is largely responsible for the observed
preference for fracture along the negative rhombohedron vs. the
positive rhombohedron.
5.2. Implications for polycrystalline systems
The results presented in Sections 3 and 4 indicate that displace-
ment mismatches that develop during loading can lead to tensile
stresses upon load reversal. In the simulations presented in this
work the displacement mismatches were the direct result of a mis-
match in elastic properties across an unbonded interface. This gen-
eral understanding of a mechanism for unloading failure allows for
the unloading failures that were reported by Couture and Schulson
(1994) to be reinterpreted. They reported that damage accumu-
lated during unloading only when cracks had developed during
loading. The cracks that developed during loading create interfaces
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tion. As the load is removed, this relative motion will try to reverse
itself, but it will be resisted by friction between the grains. The
resulting tractions will load one side of the interface in tension
and the other in compression. The side that is loaded in tension
parallel to the interface is where a crack could potentially grow.
If interface sliding is the mechanism for unloading damage
growth in the bulk of the specimen as observed by Couture and
Schulson (1994), there must be preexisting cracks or new cracks
generated between grains during the loading phase. These cracks
provide interfaces that are locations for a potential displacement
mismatch to occur. In order to activate the mechanism that we
have discussed, the initial cracks should be at a grain boundary
so that there is an elastic mismatch across the surface created by
the crack. Essentially each grain that is separated by a cracked
interface can be represented by our model system of two dissimilar
materials in contact.
The results presented here have implications for other polycrys-
talline systems. In particular, unloading failure may play an impor-
tant role in highly heterogeneous brittle materials subjected to
impact loading. Impacts generally result in the generation of a
compressive wave of ﬁnite duration which travels through the tar-
get. The passing of this wave subjects material points to a compres-
sive stress followed shortly by a release back to near zero stress. It
is typically assumed that no damage (cracking) occurs during this
initial compression phase because the stresses are predominantly
compressive. However, damage accumulation during the unload-
ing of the initial loading pulse could signiﬁcantly modify the mate-
rial microstructure that is exposed to subsequent loadings,
ultimately resulting in signiﬁcantly different failure response. The
heterogeneous nature of geophysical materials and ceramic com-
posites suggests that accounting for unloading failure in cratering
and disruption events may be a critical step in fully understanding
these complex impact problems.5.3. Non-Hertzian geometries
The simulations presented in Sections 3 and 4 differ from the
study of Elaguine (2006) in two ways. First, the geometry is such
that the specimen is effectively an indenter with cubic geometry.
Second, the ‘‘indenter’’ is the more compliant material. Unloading
failure has been observed in the classical Hertzian indentation
problem in which a hard spherical indenter is pressed into a more
compliant planar specimen. Our results show that despite the dif-
ference between a cube and a right circular cylinder for the inden-
ter geometry, the mechanism of slip during loading and generation
of tensile stresses during unloading is active in both geometries.6. Summary
Our simulations examined the experiments of Kimberley et al.
(2010) in which unloading failures along speciﬁc planes were ob-
served in an anisotropic specimen of single crystal quartz, despite
the positive rhombohedral planes and the negative rhombohedral
planes having similar fracture toughnesses (Atkinson, 1984). Our
simulations predict that larger areas develop signiﬁcant tensile
stresses normal to the negative rhombohedron planes and thus
are more likely to have crack growth occur. The simulations and
analysis show that elastic anisotropy and the resulting displace-
ment ﬁelds under loading – not differences in fracture toughness
– lead to the self-selection of preferential planes for crack initiation
and growth during unloading.
We have performed ﬁnite element simulations demonstrating
that despite differences in geometry, the mechanism responsible
for crack growth during unloading in uniaxial compression exper-iments is similar to the mechanism in Hertzian indentation. The
process leading to unloading failure is as follows: During loading
the more compliant material will try to expand. This expansion
is resisted by a frictional traction at the interface and generates a
compressive stress in the more compliant material. If the expan-
sion overcomes the frictional barrier then a relative displacement
can occur at the interface (slip) during loading. When the load is
reversed the specimen begins to contract. This motion is also re-
sisted by friction but now generates a tensile stress in the speci-
men which may be sufﬁcient to initiate crack growth. This
mechanism is highly dependent on the coefﬁcient of friction be-
tween the two materials, and a parametric study has shown that
there is a range of coefﬁcients of friction for which this mechanism
is operable. For very large coefﬁcients of friction the driving force
(in this case specimen/platen elastic mismatch) is not sufﬁcient
to overcome the frictional traction and slip does not occur, so that
no tensile stresses are developed during unloading. For small val-
ues of the coefﬁcient of friction slip readily occurs during loading,
but slip also occurs very easily during unloading. This limits the
magnitude of the tensile stresses developed during unloading
which may not be high enough to initiate cracks in the specimen.
The conditions necessary for the slip-stick mechanism that is
responsible for unloading failure in a system of two elastic bodies
in contact can be generalized as follows.
 An unbounded interface must exist (or be generated during
loading) so that a displacement discontinuity can be generated
during loading.
 A mismatch in elastic properties between the two materials
must exist to drive the transverse expansion and generate a dis-
placement discontinuity. For the case of isotropic elastic mate-
rials there must be a difference in the quantity of Poisson’s ratio
divided by the Young’s modulus m=E between the two materials.
 Friction at the interface must be low enough so slip can occur,
but high enough to generate tensile tractions sufﬁcient to cause
failure during unloading.
 The more compliant material must be brittle and signiﬁcantly
stronger in compression than in tension so that failure does
not occur during the loading cycle.Acknowledgments
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